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Abstract
Fermions coupled to Yang-Mills matrix models are studied from the point
of view of emergent gravity. We show that the simple matrix model action
provides an appropriate coupling for fermions to gravity, albeit with a non-
standard spin connection. Integrating out the fermions in a nontrivial geomet-
rical background induces indeed the Einstein-Hilbert action and a dilaton-like
term, at least for on-shell geometries. This explains and precisely reproduces
the UV/IR mixing for fermions in noncommutative gauge theory, extending re-
cent results for scalar fields. It also explains why some UV/IR mixing remains
even in supersymmetric models, except in the N = 4 case.
1daniela.klammer@univie.ac.at
2harold.steinacker@univie.ac.at
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1 Introduction
Recently it was understood that gravity can arise effectively from non-commutative gauge
theory [1–3]. This mechanism is realized in certain matrix models of Yang-Mills type,
which are known to describe gauge theory on non-commutative (NC) spaces. These
models can be interpreted more naturally as describing dynamical NC spaces, suggesting
an intrinsic realization of some sort of gravity theory. The mechanism of this “emergent
gravity” is quite simple and intrinsically non-commutative [1]: On a general background
corresponding to a generic NC space, all fields in the model couple universally (up to
possibly density factors) to an effective metric or frame associated with the background.
The Einstein-Hilbert action is induced upon quantization. Such a generic NC background
can be equivalently interpreted in terms of a U(1) gauge field on a fixed Moyal-Weyl space
R
4
θ. This then provides an understanding of UV/IR mixing in the one-loop effective action
of NC gauge theory, in terms of an induced gravity action.
In the present paper, we include fermions in these matrix models, and study their cou-
pling to the emergent gravity. In particular, we extend the explanation of UV/IR mixing
in terms of induced gravity [4] to the case of fermions. The matrix-model framework
strongly suggests a simple action for fermions, as realized e.g. in the string-theoretical
IKKT model. We study this fermionic action in detail on a generic NC background, fol-
lowing the geometrical point of view of [1]. This leads to an effective semi-classical action
for a fermion on a background with metric Gab(y). The action is similar to the standard
action for fermions on a curved background, except that the spin-connection appears to be
missing. It is nevertheless well-defined, due to the existence of an (unobservable) preferred
frame, which is an intrinsic part of emergent NC gravity.
The main result of this paper is that in spite of this unusual feature, the simple
fermionic action under consideration is nevertheless reasonable on general backgrounds,
and should be physically viable. In the point particle limit, the fermions will follow the
same trajectories as for the conventional coupling to gravity, albeit with a different rota-
tion of the spin along the trajectory. Furthermore, we determine the effective gravitational
action obtained by integrating out the fermions in our framework. This leads indeed to
the expected Einstein-Hilbert action for the effective metric, with an extra term for a
density factor, and another term which vanishes on-shell. We conclude that the fermionic
action considered here is the “correct” one for emergent gravity, suitable for a physically
realistic theory of gravity.
For a consistent quantization of emergent gravity, a supersymmetric extension of the
model appears to be necessary. We point out that the induced gravitational action will
be finite if and only if the model enjoys N = 4 supersymmetry at the Planck scale. This
explains in particular the persistence of UV/IR mixing in NC gauge theory in models with
less supersymmetry. Such a supersymmetric extension is realized by the IKKT model,
which is known to admit noncommutative backgrounds; see e.g. [5–8] and references
therein for related work including (indirect) evidence for gravity on such backgrounds.
This paper is organized as follows. In Section 2, we review the basic aspects of emer-
gent gravity, and write down the actions under consideration. In Section 3, we review
the mechanism of induced gravity, and set up the form of the appropriate Seeley-de Witt
coefficients corresponding to the fermionic action. They are the ingredients which pro-
vide the induced effective gravity action, and they are modified in comparison with the
commutative case. These coefficients are computed in Section 4, which is the core of this
paper. We also provide an exact expression for the Ricci scalar in terms of the effective
metric of emergent gravity; this should be useful for other considerations as well. In
1
Section 5, we consider the same problem from the point of view of NC gauge theory, and
rewrite the obtained gravitational action in terms of U(1) gauge fields on Moyal-Weyl
space. The one-loop effective action for this NC gauge theory is carefully computed in
the appropriate IR limit, which provides a precise matching with the gravitational action
obtained before. We conclude with a short discussion of supersymmetry and an outlook.
2 Matrix models and effective geometry
As a starting point of emergent NC gravity, we consider the semi-classical geometry arising
from the matrix model with action
SYM = −Tr[Y a, Y b][Y a′ , Y b′ ]gaa′gbb′ . (1)
Here Y a, a = 1, 2, 3, 4 are hermitian matrices or operators acting on some Hilbert space
H, which constitute the dynamical objects of the model. The model also contains a
constant background metric, which is
gaa′ = δaa′ or gaa′ = ηaa′ (2)
in the Euclidean resp. Minkowski case. The commutator of 2 matrices is denoted as
[Y a, Y b] = iθab , (3)
defining θab ∈ L(H) as an antihermitian operator-valued matrix. We focus here on con-
figurations where the Y a (which need not be solutions of the equation of motion) can be
interpreted as quantization of coordinate functions ya on a Poisson manifold (M, θab(y))
with general Poisson structure θab(y). This defines the geometrical background under
consideration, and conversely any Poisson manifold provides (locally) after quantization
a possible background Y a. More formally, this means that there is an isomorphism of
vector spaces
C(M) → A ⊂ L(H)
f(y) 7→ fˆ(Y )
i{f, g} 7→ [fˆ , gˆ] +O(θ2)
(4)
where C(M) denotes the space of functions on M, and A is the algebra generated by
Y a, interpreted as quantized algebra of functions. Thus θab reduces in a semi-classical
limit to a classical Poisson structure θab(y). Observe that the Y a correspond to preferred
coordinate functions ya on M, and gab = δab resp. gab = ηab defines a flat “background”
metric, which is constant in the preferred coordinates ya. Indices throughout this work
will always refer to these preferred coordinates1, and only some (final) formulas will be
manifestly covariant.
1this is the reason why many of the formulas in this paper are written in a non-covariant way. A
covariant formulation is possible but will not be given here.
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To simplify things, we restrict ourselves to the purely geometrical or “irreducible” case
in this paper, i.e. we assume that A is in some sense dense in L(H). This means that any
matrix in L(H) can be considered as a function of Y a resp. ya. From the gauge theory
point of view in section 5, it means that we restrict ourselves to the U(1) case; this is
most interesting here since the UV/IR mixing is restricted to the trace-U(1) sector. For
the nonabelian case see [1].
Besides the preferred coordinates ya, the noncommutative background provides in the
semi-classical limit a preferred frame
ea = −i[Y a, .] = θab∂b (5)
given in terms of the antisymmetric Poisson tensor, which we assume to be non-degenerate.
This formula is only valid for the preferred coordinates ya, and does not admit local
Lorentz transformations. The effective metric arising from the matrix model turns out to
be [1]
Gab(y) = θac(y)θbd(y) gcd , (6)
which has the correct tensor structure and is associated to the above frame. Gab(y) is
indeed the effective gravitational metric in the matrix model (up to a rescaling discussed
below), because it enters the kinetic terms for matter fields through [Y a,Ψ] ∼ iθab(y) ∂
∂yb
Ψ;
this will be seen explicitly below. Note that Gab(y) is not flat in general. Hence the back-
groundM naturally acquires a metric structure (M, θab(y), Gab(y)), which is determined
by the Poisson structure and the constant background metric gab. While this is rather ob-
vious for scalar fields, it turns out that essentially the same Gab also couples to nonabelian
gauge fields [1], and to fermions as we will show here.
An infinitesimal version of the metric (6) was observed already in [2]. The frame (5)
was also pointed out in [3], as well as a metric of type (6) for the self-dual case. There is
also some overlap with the ideas in [9]. For further related work see e.g. [10–12].
Scalars. We first review the case of scalar fields i.e. hermitian matrices Φ coupled to
the matrix model (1). The only possibility to write down kinetic terms for matter fields
is through commutators [Y a,Φ] ∼ iθab(y) ∂
∂yb
Φ, and one is lead to the action
S[Φ] = −(2π)2Tr gaa′ [Y a,Φ][Y a′ ,Φ]
∼
∫
d4y ρ(y)Gab(y)
∂
∂ya
Φ(y)
∂
∂yb
Φ(y). (7)
Here and throughout this paper, ∼ indicates the leading contribution in a semi-classical
expansion in powers of θab. This involves the symplectic measure
ρ(y) = (det θab(y))−1/2 = |Gab(y)|1/4 ≡ e−σ (≡ Λ4NC(y) ) (8)
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on (M, θab(y)), which can be naturally interpreted as non-commutative scale Λ4NC ; here
|Gab(y)| ≡ | detGab(y)|. After appropriate rescaling of Gab(y), this can be rewritten in
covariant form
S[Φ] =
∫
d4y G˜ab(y)∂yaΦ∂ybΦ (9)
with the effective metric
G˜ab = |Gab|1/4Gab = ρ(y)Gab
|G˜ab| = 1 (10)
which is unimodular in the preferred ya coordinates. Recall that these are characterized
by the background metric being constant, gab = δab resp. gab = ηab.
Fermions. Then the most obvious (perhaps the only reasonable) action for a spinor
which can be written down in the matrix model framework2 is
S = (2π)2TrΨγa[Y
a,Ψ] ∼
∫
d4y ρ(y) Ψiγaθ
ab(y)∂bΨ (11)
ignoring possible nonabelian gauge fields here to simplify the notation. This is written for
the case of Minkowski signature, the Euclidean version involves the obvious replacement
Ψ¯→ Ψ†. This defines the (matrix) Dirac operator
6DΨ = γa[Y a,Ψ] ∼ iγaθab(y)∂bΨ. (12)
We can compare this with the standard covariant derivative for spinors (see e.g. [13])
6DcommΨ = iγa eµa
(
∂µ + Σbc ω
bc
µ
)
Ψ (13)
where
ωabµ = i
1
2
eaν
(∇µebν) (14)
is the spin connection, and
Σab =
i
4
[γa, γb] . (15)
Comparing (12) with (13), we observe again that in the geometry defined by (6),
eµb (y) := θ
µc(y)gcb (16)
plays the role of a preferred vielbein. However this must be used with great care, because
the distinction between the coordinate index µ and the Lorentz index a is lost in the
special “gauge” inherent in (16).
2In particular, fermions should also be in the adjoint, otherwise they cannot acquire a kinetic term.
This does not rule out its applicability in particle physics, see e.g. [14].
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One notices immediately that the spin connection appears to be missing in (11), which
seems very strange at first. One of the main messages of this work is that in spite of
this strange feature, the action (11) is a good action for a fermion propagating in the
geometry defined by G˜ab. Recall that the spin connection determines how the spinors are
rotated under parallel transport along a trajectory. However, the spin-connection ωabµ can
always be eliminated (via parallel-transport resp. a suitable gauge choice) along an open
trajectory. Then the conventional kinetic term (13) boils down to (11). Therefore in the
point-particle limit, the trajectory of a fermion with action (11) will follow properly the
geodesics of the metric3 G˜ab, albeit with a different rotation of the spin. Furthermore, we
will show in detail that the induced gravitational action obtained by integrating out the
fermion in (11) indeed induces the expected Einstein-Hilbert term
∫
d4y R[G˜] Λ2 at least
for “on-shell geometries”, albeit with an unusual numerical coefficient and an extra term
depending on σ. All this shows that (11) defines a reasonable action for fermions in the
background defined by G˜ab.
In particular, the transport along a closed curve determines the holonomy in a gravi-
tational field, and the missing spin connection in the above action strongly suggests that
holonomies here will be different than in General Relativity. More generally, the gravita-
tional spin rotation for a free-falling fermion might provide a nice signature for or against
the emergent gravity framework.
Equations of motion. So far we considered arbitrary background configurations Y a
as long as they admit a geometric interpretation. The equations of motion derived from
the action (1) are
[Y a, [Y a
′
, Y b]] gaa′ = 0 , (17)
which in the semi-classical limit amount to
θma∂mθ
nbgab = 0 or G˜
ac∂cθ
−1
cd = 0 . (18)
They select on-shell geometries among all possible backgrounds, such as the Moyal-Weyl
quantum plane (59). In the present geometric form they amount to Ricci-flat spaces [1,2]
at least in the linearized case. However since we are interested in the quantization here, we
will need general off-shell configurations below. The equations (18) are only valid in the
preferred ya coordinates as discussed above, and the same applies to most computations
below. They can be cast in covariant form, which will not be done here.
3for massless particles, the geodesics of G˜ab coincide with those of Gab. Masses should be generated
spontaneously, which is not considered here.
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3 Quantization and induced gravity
We are interested in the quantization of our matrix model coupled to fermions. In prin-
ciple, the quantization is defined in terms of a (“path”) integral over all matrices Y a and
Ψ. In four dimensions, we can only perform perturbative computations for the “gauge
sector” Y a, while the fermions can be integrated out formally in terms of a determinant.
Let us focus here on the effective action ΓΨ obtained by integrating out the fermionic
fields,
e−ΓΨ =
∫
dΨ dΨ¯ e−S[Ψ], (19)
which for non-interacting fermions is given by
ΓΨ = −1
2
Tr log 6D2. (20)
Later, we will consider an alternative interpretation as Laplacian of the fermionic fields on
R
4
θ
coupled to an adjoint U(1) gauge field. In Feynman diagram language, (20) will then
amount to the sum of all one-loop diagrams with arbitrary numbers of external A-lines.
In [4], the analogous computation of the effective action ΓΦ for scalar fields was carried
out in two different ways. On the one hand ΓΦ was evaluated from the geometric point of
view via induced Einstein-Hilbert action. On the other hand the action (7) was regarded
as NC gauge theory by means of covariant coordinates, where the effective action for
the NC gauge fields was determined by integrating out the scalar fields. The obtained
effective actions were shown to agree in the IR regime as expected. As a consequence
UV/IR mixing of NC gauge theory can be interpreted as an effect of gravity.
In this paper, we generalize the results of [4] to the case of fermions. The effective
action ΓΨ is evaluated in two different ways: We first compute ΓΨ as induced gravity
action, using its semi-classical geometrical form. This is then compared with the one-loop
effective action of NC u(1) gauge theory. As expected, we find complete agreement in a
suitable IR regime.
Square of the Dirac operator and induced action. Starting from the action
S = (2π)2TrΨ†γa[Y
a,Ψ] (21)
we want to study
e−ΓΨ =
∫
dΨdΨ e−(2pi)
2 TrΨ†γa[Y a,Ψ] ∼= det(γa[Y a, .])
= exp (ln det( 6D)) = exp
(
1
2
log det( 6D2)
)
= exp
(
1
2
Tr log( 6D2)
)
(22)
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at one loop, considering the Euclidean case for the sake of rigor. The square of the Dirac
operator takes the following form
6D2Ψ = γaγb[Y a, [Y b,Ψ]]
= −γaγbθac∂c(θbd∂dΨ)
= −Gcd∂c∂dΨ− ad∂dΨ, (23)
with
ad = γaγbθ
ma∂mθ
db = −2iΣabθac∂cθbd + gabθac∂cθbd. (24)
See Appendix C for a comparison of this term with the commutative case. 6D2 defines the
quadratic form
Ssquare = (2π)
2TrΨ† 6D2Ψ ∼
∫
d4y ρ(y)Ψ† 6D2Ψ
=
∫
d4y |Gab|1/4Ψ† 6D2Ψ, (25)
which is very similar to the scalar action. In terms of the metric G˜ab (10) with |G˜ab| = 1,
Ssquare can be written in covariant form
Ssquare =
∫
d4y
√
|G˜| Ψ˜6D2Ψ, (26)
in terms of the rescaled squared Dirac operator
˜6D2Ψ = −(G˜cd∂c∂dΨ+ e−σ ad∂dΨ) . (27)
We now compute the effective action using
1
2
Tr(log˜6D2 − log˜6D20) = −12Tr
∫ ∞
0
dα
1
α
(
e−α
f6D2 − e−α f6D20
)
≡ −1
2
Tr
∫ ∞
0
dα
α
(
e−α
f6D2 − e−α f6D20
)
e−
1
2αΛ˜2 , (28)
where Λ˜2 denotes the cutoff4 for 1
2
˜6D2, regularizing the divergence for small α. Now we
can apply the heat kernel expansion
Tr e−α
f6D2 =
∑
n≥0
α
n−4
2
∫
M
d4y an
(
y,˜6D2) (29)
4We write 2Λ2 instead of Λ2 in (28) in order to be consistent with the cutoff for 1
2
∆2 for scalar fields
used in [4], which is implicit in ΓΦ as given below.
7
where the Seeley-de Witt coefficients an(y,˜6D2) are given by [15]
a0(y) =
1
16π2
tr 1l,
a2(y) =
1
16π2
tr
(
R[G˜]
6
1l + E
)
E = −G˜mn
(
∂mΩn + ΩmΩn − Γ˜kmnΩk,
)
(30)
Ωm =
1
2
G˜mn
(
e−σan + Γ˜n
)
(31)
and tr denotes the trace over the spinorial matrices. The effective action is therefore
ΓΨ =
1
16π2
∫
d4y
(
2 tr(1l) Λ˜4 + tr
(
R[G˜]
6
1l + E
)
Λ˜2 +O(log Λ˜)
)
, (32)
where tr(1l) = 4 for a Dirac fermion. Everything is expressed in terms of the unimodular
metric G˜ab, which can be written in terms of Gab using
R[G˜] = ρ(y)
(
R[G] + 3∆Gσ − 3
2
Gab∂aσ∂bσ
)
∆Gσ = −(Gab∂a∂bσ − Γc∂cσ)
Γa = GbcΓabc
e−σ(y) = ρ(y) = (detGab)
1/4
Γ˜a = G˜cdΓ˜acd = e
−σΓa − e−σ (∂bσ)Gba. (33)
The actual computation of tr E is given in Section 4.2. Note the relative minus sign of
the various terms in the effective action ΓΨ compared with the induced action due to a
scalar field [4],
ΓΦ =
1
16 π2
∫
d4y
(
−2Λ˜4 − 1
6
R[G˜]Λ˜2 +O(log Λ˜)
)
. (34)
hence
ΓΨ + 4ΓΦ =
1
16 π2
∫
d4y tr E Λ˜2 . (35)
This expresses the cancellation of the induced actions due to fermions and bosons, apart
from the E term. For the standard coupling of Dirac fermions to gravity on commutative
spaces, one has [16]
tr Ecomm = −R (36)
which originates from an additional constant term −1
4
R in 6D2comm (Lichnerowicz’s for-
mula). In our case, E turns out to be somewhat modified due to the vanishing spin
connection, nevertheless it contains the appropriate curvature scalar plus an additional
term (57). This will be discussed further in Section 5.2.
8
4 Computation of the Seeley-DeWitt coefficient
In this section we determine the second Seeley-de Witt coefficient for (27). We first obtain
an exact, compact result for the Ricci scalar R[G˜] expressed in terms of the Poisson tensor
θmn(y). This may be useful for other purposes as well. We then compute tr E in terms of
θmn(y), which turns out to be closely related to R[G˜] as desired.
4.1 Ricci scalar in terms of θmn
The curvature is given as usual by
Rabc
d = ∂bΓ
d
ac − ∂aΓdbc + ΓeacΓdeb − ΓebcΓdea . (37)
The Ricci scalar is then
R = GacRbabc = G
ac
(
∂bΓ
b
ac − ∂aΓbbc + ΓeacΓbeb − ΓebcΓbea
)
. (38)
In terms of the metric and its derivatives R is given by
R =
(
∂bG
bd
)
Gca (∂aGcd) +G
abGcd∂b∂dGac −GmnGpq∂p∂qGmn
− (∂bGbd)Gmn (∂dGmn)− 3
4
Gpq (∂pG
mn) (∂qGmn)
+
1
2
Gnp (∂pG
ac) (∂cGna)− 1
4
GpqGmn (∂pGmn)G
kl (∂qGkl) . (39)
We use the explicit formula for the metric tensor
Gmn(y) = θma(y)θnb(y)gab (40)
to express R in terms of θ (see Appendix A for details)
R = −2 (∂aθap)Gbc
(
∂cθ
−1
bp
)− (∂aθap) (∂bθbq) gpq
+2GmpGnqθ−1ma∂p∂qθ
−1
nb g
ab +
1
2
Gbc
(
∂cθ
−1
ap
)
Gad
(
∂dθ
−1
bq
)
gpq
+2θmnGpq∂p∂qθ
−1
mn −
1
2
GmnGpq
(
∂pθ
−1
ma
) (
∂qθ
−1
nb
)
gab
+4θbc
(
∂bθ
da
)
(∂dσ) gca +
3
2
Gpq (∂pθ
mn)
(
∂qθ
−1
mn
)
−Gmp (∂pθnq)
(
∂nθ
−1
mq
) − 1
2
(∂nθ
cq) (∂cθ
np) gpq. (41)
This equation holds in fact for any vielbein using the identification
θµmgmb = e
µ
b θ
−1
µmg
mb = −e bµ (42)
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since we have not exploited any property of θmn yet. However, by making use of the
Jacobi identity,
∂aθ
−1
bc + ∂cθ
−1
ab + ∂bθ
−1
ca = 0 (43)
∂aθ
pq = − (∂cθ−1am) (θmpθcq − θmqθcp) , (44)
several terms appearing in the computation of tr E and R[G˜] are equivalent5:
Gmk (∂kθ
na)
(
∂nθ
−1
ma
)
=
1
2
Gpq (∂pθ
mn)
(
∂qθ
−1
mn
)
(
θmn∂qθ
−1
mn
)
θqaGpk
(
∂kθ
−1
pa
)
= 2 (∂mθ
ma)Gnk
(
∂kθ
−1
na
)(
θmn∂qθ
−1
mn
)
θqa
(
∂pθ
pb
)
gab = 2 (∂mθ
ma)
(
∂nθ
nb
)
gab
θmnGpq∂p∂qθ
−1
mn = −2GmpGnqθ−1ma∂p∂qθ−1nb gab
θma∂m∂nθ
nbgab = G
mn∂m∂nσ + θ
ma
(
∂mθ
nb
)
(∂nσ) gab
=
1
2
θmnGpq∂p∂qθ
−1
mn +
1
2
Gpq (∂pθ
mn)
(
∂qθ
−1
mn
)
+ (∂pθ
pa)Gqk
(
∂kθ
−1
qa
)
(45)
Thus in our framework the Ricci scalar associated to Gab takes the form
R[G] = θmnGpq∂p∂qθ
−1
mn +G
pq (∂pθ
mn)
(
∂qθ
−1
mn
)
+2 (∂mθ
ma)Gnk
(
∂kθ
−1
na
)−Gmn (∂mσ) (∂nσ)
+
1
2
Gmk
(
∂kθ
−1
na
)
Gnl
(
∂lθ
−1
mb
)
gab − 1
2
GmnGpq
(
∂pθ
−1
ma
) (
∂qθ
−1
nb
)
gab
−1
2
(∂mθ
na)
(
∂nθ
mb
)
gab. (46)
Evaluating also
3∆Gσ − 3
2
Gmn∂mσ∂nσ = −3
2
Gmn (∂mθ
pq)
(
∂nθ
−1
pq
)− 3
2
θmnGpq∂p∂qθ
−1
mn
+
3
2
Gmn∂mσ∂nσ − 3 (∂mθma)Gnk
(
∂kθ
−1
na
)
(47)
gives
R[G˜] = e−σ
(
R [G] + 3∆Gσ − 3
2
Gab∂aσ∂bσb
)
= e−σ
[
− 1
2
θmnGpq∂p∂qθ
−1
mn −
1
2
Gpq (∂pθ
mn)
(
∂qθ
−1
mn
)
− (∂mθma)Gnk
(
∂kθ
−1
na
)
+
1
2
Gmn (∂mσ) (∂nσ)
5By means of these relations one can also check that the action (25) is indeed hermitian.
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+
1
2
Gmk
(
∂kθ
−1
na
)
Gnl
(
∂lθ
−1
mb
)
gab − 1
2
GmnGpq
(
∂pθ
−1
ma
) (
∂qθ
−1
nb
)
gab
−1
2
(∂mθ
na)
(
∂nθ
mb
)
gab
]
. (48)
Via partial integration, the number of independent terms can be further reduced:∫
d4y e−σθma∂m∂nθ
nbgab = 0,∫
d4y e−σ (∂mθ
na)
(
∂nθ
mb
)
gab = −
∫
d4y
e−σ
2
(
θmnGpq∂p∂qθ
−1
mn +G
pq (∂pθ
mn)
(
∂qθ
−1
mn
))
,∫
d4y e−σ (∂pθ
pa)Gqk
(
∂kθ
−1
qa
)
=
∫
d4y e−σ (∂mθ
na)
(
∂nθ
mb
)
gab . (49)
This yields the following compact form for the Ricci scalar∫
d4y R[G˜]Λ˜2 =
∫
d4y e−σ
{1
2
Gmk
(
∂kθ
−1
na
)
Gnl
(
∂lθ
−1
mb
)
gab − 1
2
GmnGpq
(
∂pθ
−1
ma
) (
∂qθ
−1
nb
)
gab
−1
2
(∂pθ
pa)Gqk
(
∂kθ
−1
qa
)
+
1
2
Gmn (∂mσ) (∂nσ)
}
Λ˜2 , (50)
which is indeed what we need because det G˜ab = 1. However, one has to be careful when
using partial integration. We regard here the cutoff Λ˜2 as a constant effective cutoff for
∆ eG, independent of y
a. In Section 5, we will relate Λ˜2 with the effective cutoff Λ for ∆A,
which is the Laplacian of NC gauge theory. This corresponds to a position-dependent
Λ˜2 as given in (80). In that case, one must either include additional terms from partial
integration, or use (48) as we will do.
4.2 Evaluation of tr E
We need to evaluate
trE = −trG˜ab
(
∂aΩb + ΩaΩb − Γ˜rabΩr
)
, (51)
where
Ωm =
1
2
G˜mn
(
a˜n + Γ˜n
)
=
1
2
(
Gmnγaγbθ
pa
(
∂pθ
nb
)−Gmn (∂pGpn) + ∂mσ) (52)
and a˜n = e−σ an. For the computation of tr E we use the relations given in Appendix A
and the Jacobi identity (45). Recalling
trγaγb = 4gab,
trγaγbγcγd = 4
(
gabgcd − gacgbd + gadgbc) ,
(53)
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we find for the individual parts of tr E :
tr G˜mn∂mΩn = 2e
−σ
{
Gmn (∂mGnp) gabθ
qa
(
∂qθ
pb
)
+ (∂mθ
qa)
(
∂qθ
mb
)
gab + θ
ma∂m∂nθ
nbgab
−Gmn (∂mGnp) (∂qGqp)− ∂m∂nGmn +Gmn∂m∂nσ
}
= 2e−σ
{
(∂mθ
ma)Gnk
(
∂kθ
−1
na
)− θma∂m∂nθnbgab
+
1
2
Gpq (∂pθ
mn)
(
∂qθ
−1
mn
)
+
1
2
θmnGpq∂p∂qθ
−1
mn
}
= 0 (54)
tr G˜mnΩmΩn = e
−σ
{
(gabgcd − gacgbd + gadgbc)Gnkθqa
(
∂qθ
nb
)
θlc
(
∂lθ
kd
)
−2 (∂qGqn)Gnkgcdθlc
(
∂lθ
kd
)
+ 2θqa
(
∂qθ
nb
)
(∂nσ) gab
−2 (∂lGlk) (∂kσ) + (∂qGqn) (∂lGlk)Gnk +Gmn (∂mσ) (∂nσ)}
= e−σ
{
−GklGmn (∂kθ−1ma) (∂lθ−1nb ) gab + Gmk (∂kθ−1na )Gnl (∂lθ−1mb) gab}
trΩmΓ˜
m = e−σTr (ΩmΓ
m − ΩmGmn∂nσ)
= e−σTr (−Ωm (∂nGnm) + ΩmGmn∂nσ)
= 0 (55)
Hence we obtain
tr E = e−σ
{
GklGmn
(
∂kθ
−1
ma
) (
∂lθ
−1
nb
)
gab −Gmk (∂kθ−1na )Gnl (∂lθ−1mb) gab}. (56)
Comparing with (50) for Λ˜2 regarded as constant cutoff of ∆ eG, we can write this as∫
d4y tr E =
∫
d4y
(
−2R[G˜]− (∂pθpa)Gqk
(
∂kθ
−1
qa
)
+Gmn (∂mσ) (∂nσ)
)
eom
=
∫
d4y
(
−2R[G˜] +Gmn∂mσ∂nσ
)
, (57)
assuming on-shell geometries (18) in the last line. This formula applies for Dirac fermions,
and with an additional factor 1
2
for Weyl fermions. It is remarkable that tr E is essentially
given by the appropriate curvature scalar R[G˜], and a contribution from the dilaton-like
scaling factor ρ = e−σ. This is a very reasonable modification of the standard result (36),
as desired.
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5 Relation with gauge theory on R4θ
We now want to interpret the fermionic action (11) as action for a Dirac fermion on the
Moyal-Weyl quantum plane R4θ coupled to a U(1) gauge field in the adjoint. This point
of view is obtained by writing the general covariant coordinate resp. matrix Y a as
Y a = Xa +Aa . (58)
Here Xa are generators of the Moyal-Weyl quantum plane, which satisfy
[Xa, Xb] = iθ¯ab , (59)
where θ¯ab is a constant antisymmetric tensor. These are particular solutions of the equa-
tions of motion (17). The effective geometry (6) for the Moyal-Weyl plane is indeed flat,
given by
g¯ab = θ¯ac θ¯bdgcd
g˜ab = ρ¯ g¯ab, det g˜ab = 1
ρ¯ = (det θ¯ab)−1/2 = |g¯ab|1/4 ≡ Λ4NC . (60)
Consider now the change of variables
Aa(x) = −θ¯abAb(x) (61)
where Aa are hermitian matrices, interpreted as smooth functions on R
4
θ¯
. Thus we can
write
[Y a, f ] = [Xa +Aa, f ] = iθ¯ab
(
∂
∂xb
f + i [Ab, f ]
)
≡ iθ¯abDbf, (62)
giving for the quadratic form (25)
Ssquare = (2π)
2Tr Ψ†γaγb
[
Y a,
[
Y b,Ψ
]]
= −
∫
d4x ρ¯Ψ† γaγbθ¯
amθ¯bnDmDnΨ
=
∫
d4xΨ†˜6D2AΨ . (63)
This is an exact expression on R4θ, where˜6D2A = −ρ¯ γaγbθ¯amθ¯bnDmDn = − γ˜mγ˜nDmDn , (64)
and
γ˜a = (det g¯ab)
1
8 γb θ¯
ba, {γ˜a, γ˜b} = 2 g˜ab . (65)
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We now want to rewrite the geometrical results of Section 4 in terms of gauge theory on
R
4
θ in x-coordinates. To do this, note that most formulas of Section 4 are not generally
covariant, but only valid in the preferred y-coordinates defined by the matrix models
where gab = δab resp. gab = ηab. (58) defines the leading-order relation between y and x
coordinates,
ya = xa − θ¯abA¯b +O(θ2) , (66)
with Jacobian ∣∣∣∣∂ya∂xb
∣∣∣∣ = 1− θ¯ac∂Ac∂xa +O(θ2)
= 1− 1
2
θ¯mnF¯mn +O(θ
2). (67)
See [4] for details of this change of variables. In order to avoid confusion we will denote
all x-dependent tensors with a bar, and we write
∂a =
∂
∂ya
, ∂¯a =
∂
∂xa
. (68)
The Poisson tensor can be written in terms of the u(1) field strength as
iθab(y) =
[
Y a, Y b
]
= iθ¯ab − iθ¯acθ¯bdF¯cd, (69)
where F¯cd is a rank two tensor in x coordinates on R
4
θ. This amounts to
θ−1ab = θ¯
−1
ab − F¯ab (70)
at leading order. We also need the metric (6) in x-coordinates,
Gab =
(
θ¯ac − θ¯aiθ¯cjF¯ij
) (
θ¯bd − θ¯beθ¯df F¯ef
)
gcd
= g¯ac
(
δbc + F¯cdθ¯
db + g¯ceθ¯
ef F¯fdg¯
db + g¯cdθ¯
deF¯ef g¯
fgF¯ghθ¯
hb
)
≡ g¯ac (δbc +Xbc) . (71)
To compute the determinant, we use
det (1 +Xij) = 1 + trX +
1
2
(
(trX)2 − tr (X2))+O(X3). (72)
Then
trX = −2F¯mnθ¯mn − θ¯emg¯mnθ¯fnF¯ehg¯hgF¯gf (73)
and
eσ = |Gab|1/4 = |g¯ab|1/4
(
1− 1
2
θ¯mnF¯mn +O(θ¯
3)
)
. (74)
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By a straightforward application of the relations given above one can now write down
the second Seeley-de Witt coefficient in x-coordinates. R[G˜] expressed in x-coordinates
agrees with eq. (78) in [4], as it should be. tr E in x-coordinates is given as
trE = |g¯ab|1/4
(
−1
4
θ¯mnF¯mn∂¯
a∂¯aθ¯
pqF¯pq − 1
2
g¯acg¯bdF¯ab∂¯
2F¯cd
)
+
1
4
|g¯ab|1/4θ¯mnF¯mn∂¯a∂¯aθ¯pqF¯pq
= −|g¯ab|1/4 1
2
g¯acg¯bdF¯ab∂¯
2F¯cd, (75)
where
∂¯2 = ∂¯a∂¯bg
ab. (76)
In Appendix B this expansion is given explicitly for the individual terms. We have omitted
O(A) terms from both R[G˜] and tr E , which are total derivatives and do not contribute
to the effective action. In this way, we find for the one-loop induced action
ΓΨ =
∫
d4y
(
a0Λ˜
4 + a2Λ˜
2 +O
(
log Λ˜
))
= −4ΓΦ − 1
16 π2
∫
d4y
ρ(y)
2
g¯acg¯bdF¯ab∂¯
2F¯cd Λ˜
2. (77)
Finally, there is a nontrivial relation between the cutoff Λ˜ of the geometrical action and
the cutoff Λ of the u(1) gauge theory, which follows from the identity
Ssquare = Tr Ψ
†γaγb
[
Y a,
[
Y b,Ψ
]]
=
∫
d4yΨ†˜6D2 eGΨ = ∫ d4yρ(y)ρ¯ Ψ†˜6D2AΨ. (78)
For the Laplacians this means ˜6D2 eG = ρ(y)ρ¯ ˜6D2A. (79)
Since we implement the cutoffs using the Schwinger parameterization (28), they are related
as follows (cf. [4])
Λ˜2 =
ρ(y)
ρ¯
Λ2. (80)
This makes sense provided ρ(y)/ρ¯ varies only on large scales respectively small momenta
p≪ Λ, which is our working assumption. Together with (67), we obtain as a final result
for the geometric one-loop effective action expressed in terms of gauge theory on R4θ
ΓΨ = −4ΓΦ −
∫
d4xρ¯
Λ2
2
g¯acg¯bdF¯ab∂¯
2F¯cd
= −4ΓΦ +
∫
d4p
(2π)4
g˜acg˜bdF¯ab(p)F¯cd(−p) p
2
Λ4NC
Λ2
2
(81)
where p2 = pipjg
ij. This agrees precisely with the one-loop computation in the gauge
theory point of view obtained below. Note that the last term corresponds to tr E in (35).
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5.1 Comparison with UV/IR mixing
In this section, we compare the geometrical form of the one-loop effective action obtained
in the previous section with the one-loop effective action obtained from the gauge theory
point of view. The result is of course the same, which provides not only a nontrivial
check for our geometrical interpretation, but also sheds new light on the conditions to
which extent the semi-classical analysis of the previous section is valid. This generalizes
the results of [4] to the fermionic case. We find as expected that the UV/IR mixing
terms obtained by integrating out the fermions are given by the induced geometrical resp.
gravitational action (32), in a suitable IR regime. In particular, we need an explicit,
physical momentum cutoff Λ.
Using the variables and conventions of the previous section, the action (11) can be
exactly rewritten as U(1) gauge theory on R4θ, which in the Euclidean case takes the form
S[Ψ] = (2π)2TrΨ†γa[Y
a,Ψ]
=
∫
d4x Ψ˜†iγ˜a(∂¯aΨ˜ + ig[Aa, Ψ˜]) (82)
We introduce an explicit coupling constant g, and define a rescaled fermionic field
Ψ˜ = |g¯ab| 116 Ψ (83)
in order to obtain the properly normalized effective metric g˜ab; we will omit the tilde on
Ψ henceforth. Recall also that only U(1) gauge fields are considered here, because only
those correspond to the nontrivial geometry considered in the previous section.
We need the O(A2) contribution to the one-loop effective action obtained by inte-
grating out the fermionic field Ψ. While this computation has been discussed several
times in the literature [17, 18, 20–22], the known results are not accurate enough for our
purpose, i.e. in the regime p2,Λ2 < Λ2NC where the semiclassical geometry is expected
to make sense. We need to analyze carefully the IR regime of the well-known effective
cutoff Λeff(p) (89) for non-planar graphs as p → 0, keeping Λ fixed. In this regime the
non-planar diagrams almost coincide with the planar diagrams, and the leading IR cor-
rections due to the non-planar diagrams correspond to the induced geometrical terms in
(32). This has not been considered in previous attempts to explain UV/IR mixing, e.g.
in terms of exchange of closed string modes [23, 24].
To proceed one can either square the Dirac operator as in [21], or use directly the
fermionic Feynman rules. We choose the latter approach here, and consider the Feynman
diagram in figure 1 corresponding to
ΓΨ = −1
2
Tr log∆0 − g
2
2
〈∫
d4x ρ¯ Ψ¯γ˜a[Aa,Ψ]
∫
d4y ρ¯ Ψ¯γ˜b[Ab,Ψ]
〉
= −1
2
Tr log∆0 + ΓΨ(A). (84)
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Figure 1: fermionic one-loop diagram
The minus sign in front is due to the fermionic loop. This gives
ΓΨ = −4g2
∫
d4p
(2π)4
Aa′(p)Ab′(−p) g˜a′ag˜b′b
∫
d4k
(2π)4
2kakb + kapb + pakb − g˜abk(k + p)
(k · k)((k + p) · (k + p))(
e−ikiθ
ijpj − 1
)
(85)
which is quite close to the bosonic case, using the notation
k · k ≡ kikj g˜ij .
k2 ≡ ki kjgij . (86)
The momentum integrals are understood to be regularized by a cutoff Λ, implemented via
a Schwinger parameter as in [4]. To evaluate this loop integral, we rewrite it in a different
way as in [21]
−
∫
d4k
(2π)4
4kakb + 2kapb + 2pakb − 2g˜abk(k + p)
(k · k)((k + p) · (k + p)) (e
−ikiθijpj − 1)
= −
∫
d4k
(2π)4
((2ka + pa)(2kb + pb)− (papb − g˜abp · p)
(k · k)((k + p) · (k + p))
−g˜ab
( 1
k · k +
1
(k + p) · (k + p)
))
(e−ikiθ
ijpj − 1)
= −
∫
d4k
(2π)4
( (2ka + pa)(2kb + pb)
(k · k)((k + p) · (k + p)) − 2
g˜ab
k · k
)
(e−ikiθ
ijpj − 1)
+(papb − g˜abp · p)
∫
d4k
(2π)4
1
(k · k)((k + p) · (k + p))(e
−ikiθ
ijpj − 1) (87)
where we replaced 1
(k+p)·(k+p)
by 1
k·k
under the integral (which does not make a difference
in the regularization used here). Now the first term is precisely the induced action ΓΦ
obtained by integrating out a scalar field Φ [4], which is known to be gauge invariant.
The second term is logarithmic and manifestly gauge-invariant. Therefore
ΓΨ = −4 ΓΦ + g2nf
∫
d4p
(2π)4
Aa′(p)Ab′(−p) g˜a′ag˜b′b (papb − g˜abp · p)
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∫
d4k
(2π)4
1
(k · k)((k + p) · (k + p))
(
e−ikiθ
ijpj − 1
)
= −4 ΓΦ − g2nf
∫
d4p
(2π)4
Aa′(p)Ab′(−p) g˜a′ag˜b′b (papb − g˜abp · p)
1
8π2
∫ 1
0
dz
(
K0(2
√
z(1− z)p · p
Λ2
)−K0(2
√
z(1− z)p · p
Λ2eff
)
)
, (88)
for Dirac fermions, where
Λ2eff =
1
1/Λ2 + 1
4
p2
Λ4
NC
= Λ2eff(p) (89)
is the “effective” cutoff for non-planar graphs, and ΛNC is defined in (60). For the standard
evaluation of the k− integration see e.g. [4]. To proceed we consider the IR regime
p2Λ2
Λ4NC
< 1 , (90)
see figure 2. Then both Λ and Λeff are large, and we can use the asymptotic expansions
Figure 2: relevant IR regime of Λeff(p)
K0
(
2
√
m2
Λ2
)
= −
(
γ + log(
√
m2
Λ2
)
)
+O
(m2
Λ2
log(
Λ
m
)
)
(91)
which gives
ΓΨ + 4ΓΦ ∼ g
2nf
16π2
∫
d4p
(2π)4
Aa′(p)Ab′(−p) g˜a′ag˜b′b (papb − g˜abp · p) log
(Λ2eff
Λ2
)
= −1
2
g2nf
16π2
∫
d4p
(2π)4
F¯abF¯a′b′ g˜
a′ag˜b
′b log
(Λ2eff
Λ2
)
. (92)
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The only approximation here is the expansion (91) of the Bessel functions in (88). ΓΦ is
the 1-loop effective action for a (hermitian) scalar field as computed in [4],
ΓΦ = −g
2
2
1
16π2
∫
d4p
(2π)4
(
− 1
6
F¯ab(p)F¯a′b′(−p)g˜a′ag˜b′b log( Λ
2
Λ2eff
)
+
1
4
(θF¯ (p))(θF¯ (−p))
(
Λ4eff −
1
6
p · pΛ2eff +
(p · p)2
1800
(47− 30 log( p·p
Λ2
eff
))
))
.
(93)
These expressions are valid in the IR regime (90) pΛ < Λ2NC corresponding to “mild”
UV/IR mixing. This is the same condition which was obtained for the bosonic case [4].
We can then use the expansions
Λ2eff = Λ
2 − p2 Λ
4
4Λ4NC
+ ... , (94)
Λ4eff = Λ
4 − p2 Λ
6
2Λ4NC
+ ... , (95)
log(
Λ2
Λ2eff
) =
1
4
p2Λ2
Λ4NC
+ ... (96)
which gives
ΓΨ + 4ΓΦ ∼ 1
4
g2
16π2
∫
d4p
(2π)4
g˜a
′ag˜b
′b F¯ab(p)F¯a′b′(−p) p
2Λ2
Λ4NC
,
=
1
4
g2
16π2
∫
d4p
(2π)4
ρ¯2Λ2p2 g¯a
′ag¯b
′b F¯ab(p)F¯a′b′(−p) , (97)
where p2 = papbg
ab. There are obvious modifications due to the appropriate expansion of
Λ2eff if one approaches the border of the IR regime (90).
To compare this with the geometrical results, we must take into account the different
regularizations used in the heat-kernel expansion (28) and in the above one-loop com-
putation. It was shown in [4] that these regularizations agree if we replace Λ2 with 2Λ2
in the one-loop computation above6. We then find complete agreement with the result
(81) obtained using the geometrical point of view. Notice in particular that the induced
gravitational action is nontrivial even in the case of e.g. N = 1 supersymmetry. This is
now understood in terms of induced gravity, and full cancellation is obtained only in the
case of N = 4 supersymmetry. This will be discussed below.
Finally, ΓΨ and ΓΦ can be related directly to the geometrical induced action (32) in a
more restricted IR regime, as in [4]. Assume first that
6while this was strictly speaking established only for the bosonic case, the argument should extend to
the fermionic case without difficulties.
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Λ≪ ΛNC .
Then the IR regime (90) amounts to
p < ΛNC , (98)
which is very reasonable range of validity for the classical gravity action. In this case,
Λ6
p2
Λ4NC
=
Λ4
Λ4NC
Λ2p2 ≪ Λ2p2 ∼ Λ2p · p (99)
so that we can replace
Λ4eff −
1
6
p · pΛ2eff ∼ Λ4 −
1
6
p · pΛ2 . (100)
Then the leading contribution to ΓΦ is
ΓΦ ∼ −g
2
2
1
16π2
∫
d4p
(2π)4
(Λ4
4
(θF¯ (p))(θF¯ (−p))− Λ
2
24
F¯ab(p) F¯a′b′(−p) p
2
Λ4NC
g˜a
′ag˜b
′b
−Λ
2
24
(θF¯ (p))(θF¯ (−p))p · p + O(log(Λ)) + finite
)
= −g
2
2
1
16π2
∫
d4x
(Λ4
4
(θF¯ )(θF¯ )− ρ¯ Λ
2
24
(
p2 F¯ab F¯a′b′ g¯
a′ag¯b
′b + (papbg¯
ab)(θF¯ )(θF¯ )
)
+O(log(Λ)) + finite
)
, (101)
where again p2 = papbg
ab. Taking into account again the appropriate replacement Λ2 →
2Λ2 corresponding to the geometrical regularization in (28) and setting nf = 2 for Dirac
fermions, one finds as in [4] complete agreement between the above result for ΓΨ with the
result (32) obtained from the geometrical point of view.
Assume finally that the condition Λ ≪ ΛNC is violated, while maintaining the IR
regime (90). Then there are additional terms in the effective action ΓΦ beyond (101).
They correspond to noncommutative corrections beyond the semi-classical geometrical
terms in (34); we refer to [4] for some explicit results.
Gauge fields resp. gravitons The complete one-loop effective action for the gravita-
tional sector sector of the basic matrix model (1) contains contributions of scalar fields,
fermions, and “gauge fields”. The latter means trace- U(1) components resp. gravitons
inherent in G˜ab, as well as possible nonabelian SU(n) components [1]. Ignoring nonabelian
fields for now, it remains to compute the contributions of the U(1) gauge fields in a loop
with 2 external A- legs. This would lead to a similar contribution, denoted by
e−ΓA =
∫
one−loop
dA e−S . (102)
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While ΓA is essentially straightforward to compute following e.g. [21], we can short-cut
this computation by taking advantage of the finiteness of the N = 4 supersymmetric
extension of the model. Note that the presence of particular scalar interaction terms in
the N = 4 model is irrelevant for (102) at one loop. This leads to the result (103) given
below.
5.2 Cancellations and supersymmetry
It is very interesting to compare the fermionic and the bosonic contribution to the gravi-
tational action. As is well-known [17, 21], we note that the fermionic contribution to the
one-loop effective action in NC gauge theory does not quite cancel the scalar contribu-
tion, due to (92). This means that even in supersymmetric cases some UV/IR mixing
may remain. From the geometrical point of view, this terms corresponds to a gravita-
tional action tr E Λ˜2 = −2R[G˜] Λ˜2 + ..., so that the cutoff Λ˜2 should be interpreted as
effective gravitational constant 1
G
. This is completely analogous to the commutative case,
where the gravitational term (36) is induced. The remaining UV/IR mixing term cancels
only in the case of N = 4 supersymmetry. We can therefore identify Λ˜ as the scale of
N = 4 SUSY breaking (assuming such a model), above which the model is finite. These
observations strongly suggest that for the model to be well-defined at the quantum level,
N = 4 SUSY is required above the gravity scale i.e. the Planck scale. This is realized by
the IKKT model [5] on a NC background.
Let us therefore consider an extension of the matrix model (1) with nS scalar fields
(= hermitian matrices φi) and nΨ Dirac fermions (hence nΨ =
1
2
for Weyl fermions). The
model with N = 4 SUSY has nS = 6 and nΨ = 2, in addition to the U(1) gauge field Aµ
resp. the graviton hab. Taking its finiteness for granted, it follows that
ΓA = −2 ΓΨ − 6 ΓΦ . (103)
This also holds for the SU(n) components of the gauge fields in a nonabelian versions of
this N = 4 model; cf. [1]. Using (35), this can be written explicitly as
ΓA =
1
16 π2
∫
d4y
(
−4Λ˜4 − (1
3
R[G˜] + 2tr E)Λ˜2 +O(log Λ˜)
)
. (104)
This almost coincides with the contribution of 2 scalars (34), except for tr E which stands
for (57). At this point, it is important to keep in mind that a term
∫
d4y
√
|G˜| Λ˜4 in
the framework of emergent gravity does not amount to a large cosmological constant, as
discussed in [1, 4]; see also [25]. We only point out here that flat space is a solution even
in the presence of this term. These issues will be discussed elsewhere in more detail.
N = 4 supersymmetry transformations. The explicit form of the N = 4 SUSY
transformations can be obtained as follows. Consider the basic matrix model (1) in 10
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dimensions with fermions, with action
S = −Tr
(
1
2
[Y a, Y b][Y a
′
, Y b
′
]ηaa′ηbb′ + Ψ¯γa[Y
a,Ψ]
)
, a = 0, ..., 9, (105)
where Ψ is a 10-dimensional Majorana-Weyl spinor. It is well known that this action
enjoys the 2 “matrix” supersymmetries [5]
δ(1)Ψ =
i
2
[Y a, Y b]γabǫ, δ
(1)Y a = iǫ¯γaΨ,
δ(2)Ψ = ξ, δ(2)Y a = 0 (106)
where γab =
1
2
[γa, γb], and ǫ, ξ are Grassmann-valued spinors. To recover spacetime super-
symmetry, we split the matrices into 4 + 6 dimensions as
Y a = (Y µ, φi), µ = 0, ..., 3, i = 1, ..., 6. (107)
Then the 4-dimensional Moyal-Weyl quantum plane R4θ is a (BPS) solution of the gener-
alized matrix equations of motion, embedded as
Y µ = X¯µ, µ = 0, ..., 3,
φi = 0 . (108)
All previous geometrical considerations can be generalized, except that the matrix model
now contains scalar fields φi(y). Even though we could consider a general metric G˜ab as
above, let us for simplicity only discuss the point of view of U(1) gauge theory on R4θ. If
we set ξ = 1
2
θ¯µνγµνǫ following [5] and use γa(3+i) = γaγ3+i recalling Y
µ = X¯µ− θ¯µνAν and
(65), then the combined transformation δ = δ(1) + δ(2) takes the form
δΨ = −iρ¯−1 FµνΣ˜µνǫ− 1√
ρ¯
γ˜µ∂µφ
iγ3+iǫ
δφi = iǫ¯γ3+iΨ,
δAν = −i
√
ρ¯ g˜νµǫ¯γ˜
µΨ (109)
where Σ˜µν = i
4
[γ˜µ, γ˜ν]. The constant factors of ρ¯ can be absorbed by rescaling the fields.
Noting that γ3+i = γ5∆i where ∆i define the 6-dimensional Euclidean Clifford algebra,
this indeed amounts to (abelian) N = 4 supersymmetry on R4θ.
In the case of general NC backgrounds, the SUSY transformation will also act on
the metric G˜µν(y). This can be viewed as a supersymmetric form of emergent gravity,
which will be worked out elsewhere. It also means that nontrivial background geometries
“spontaneously” break N = 4 SUSY, as desired.
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6 Discussion and outlook
In this paper, fermions are studied in the framework of emergent noncommutative grav-
ity, as realized through matrix models of Yang-Mills type. The matrix model strongly
suggests a particular fermionic term in the action, corresponding to a specific coupling to
a background geometry with nontrivial metric G˜µν . This coupling is similar to the stan-
dard coupling of fermions to a gravitational background, except that the spin connection
vanishes in the preferred coordinates associated with the matrix model.
The main result of this paper is that in spite of this unusual feature, the resulting
fermionic action is very reasonable, and properly describes fermions coupled to emergent
gravity. In the point particle limit, fermions propagate along the appropriate trajectories,
albeit with a different rotation of the spin. At the quantum level, we find an induced
gravitational action which includes the expected Einstein-Hilbert term with a modified
coefficient, as well as an additional term for a scalar density reminiscent of a dilaton. There
are further terms which vanish for on-shell geometries. We conclude that the framework of
emergent gravity does extend to fermions in a reasonable manner, and might well provide
- in a suitable extension - a physically viable theory of gravity.
In a second part of the paper, we compare this induced gravitational action with the
well-known UV/IR mixing in NC gauge theory due to fermions. Generalizing the results
in [4] for scalar fields, we find as expected that the UV/IR mixing can be explained pre-
cisely by the gravitational point of view. This also provides a nice understanding for
the fact that some UV/IR mixing remains in supersymmetric cases, and only disappears
for N = 4 supersymmetry. The reason is that a gravitational action is induced even in
supersymmetric cases, except in N = 4 SUSY. This in turn leads to the conjecture that
the gravitational constant should be related to the scale of N = 4 SUSY breaking, which
is quite reasonable. All of these findings suggest that the IKKT model on a noncommu-
tative background [5–8] should be the most promising candidate for a realistic version of
emergent gravity. These issues will be discussed in more detail elsewhere.
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7 Appendix A: Computation of R
We quote some identities which appear in the computation of R[G] and R[G˜] in terms of
θ-vielbeins:(
∂bG
bd
)
Gca (∂aGcd) = −Gac
(
∂cθ
−1
ap
)
Gbd
(
∂dθ
−1
bq
)
gpq − 2 (∂aθap)Gbc
(
∂cθ
−1
bp
)
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− (∂aθap)
(
∂bθ
bq
)
gpq (110)
GabGcd∂b∂dGac = 2G
mpGnqθ−1ma∂p∂qθ
−1
nb g
ab +Gbc
(
∂cθ
−1
ap
)
Gad
(
∂dθ
−1
bq
)
gpq
+Gad
(
∂dθ
−1
ap
)
Gbc
(
∂cθ
−1
bq
)
gpq (111)
GmnGpq∂p∂qGmn = −2θmnGpq∂p∂qθ−1mn + 2GmnGpq
(
∂pθ
−1
ma
) (
∂qθ
−1
nb
)
gab (112)(
∂bG
bd
)
(∂dσ) = G
mn (∂mσ) (∂nσ) + θ
bc
(
∂bθ
da
)
(∂dσ) gca (113)
Gpq (∂pG
mn) (∂qGmn) = −2Gpq (∂pθmn)
(
∂qθ
−1
mn
)
−2GmnGpq (∂pθ−1ma) (∂qθ−1nb ) gab (114)
Gnp (∂pG
ac) (∂cGna) = −2Gmp (∂pθnq)
(
∂nθ
−1
mq
)− (∂nθcq) (∂cθnp) gpq
−Gnk (∂kθ−1cp )Gcl (∂lθ−1nq ) gpq
Gmn∂mσ∂nσ =
1
4
Gpqθmn
(
∂qθ
−1
mn
)
θkl
(
∂qθ
−1kl
)
Gmn∂m∂nσ =
1
2
Gpq (∂pθ
mn)
(
∂qθ
−1
mn
)
+
1
2
θmnGpq∂p∂qθ
−1
mn (115)
Below are some identities which have not appeared in the Ricci scalar but appear in the
computation of trE :
Gmn (∂mGnp) gabθ
qa
(
∂qθ
pb
)
= −Gmk (∂kθ−1ma)Gnl (∂lθ−1nb ) gab − (∂mθma)Gnk (∂kθ−1na )
∂m∂nG
mn = 2θma∂m∂nθ
nbgab + (∂mθ
na)
(
∂nθ
mb
)
gab
+ (∂mθ
ma)
(
∂nθ
nb
)
gab
Gnkθ
qa
(
∂qθ
nb
)
θlc
(
∂lθ
kd
)
gabgcd = G
mk
(
∂kθ
−1
ma
)
Gnl
(
∂lθ
−1
nb
)
gab
Gnkθ
qa
(
∂qθ
nb
)
θlc
(
∂lθ
kd
)
gacgbd = G
klGmn
(
∂kθ
−1
ma
) (
∂lθ
−1
nb
)
gab
Gnkθ
qa
(
∂qθ
nb
)
θlc
(
∂lθ
kd
)
gadgbc = G
mp
(
∂pθ
−1
na
)
Gnq
(
∂qθ
−1
mb
)
gab
Gmn (∂pG
pm) (∂qG
qn) = (∂pθ
pa)
(
∂qθ
qb
)
gab + 2 (∂pθ
pa)Gqk
(
∂kθ
−1
qa
)
+Gmk
(
∂kθ
−1
ma
)
Gnl
(
∂lθ
−1
nb
)
gab (116)
8 Appendix B: Expressing R and tr E in x coordinates
Let us rewrite the terms which compose R and trE in terms of the u(1) gauge fields. We
will need [4]
eσ =
(
detGab
)1/4
=
(
det g¯ab
)1/4(
1− 1
2
θ¯mnF¯mn +O(θ¯
2)
)
,
Gab =
(
θ¯ac − θ¯aiθ¯cjF¯ij
) (
θ¯bd − θ¯beθ¯df F¯ef
)
gcd,
θab = θ¯ab − θ¯acθ¯bdF¯cd,
θ−1ab = θ¯
−1
ab − F¯ab. (117)
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and denote | det g¯ab| ≡ |g¯ab|. For the following terms this gives to O(A2) in x-coordinates∫
d4y e−σ Gmk
(
∂kθ
−1
ma
)
Gnl
(
∂lθ
−1
nb
)
gab = −1
4
∫
d4x |g¯ab|1/4θ¯mnF¯mn∂¯a∂¯aθ¯pqF¯pq∫
d4y e−σ (∂mθ
ma)Gnk
(
∂kθ
−1
na
)
= −1
4
∫
d4x |g¯ab|1/4θ¯mnF¯mn∂¯a∂¯aθ¯pqF¯pq∫
d4y e−σ (∂mθ
na)
(
∂nθ
mb
)
gab = −1
4
∫
d4x |g¯ab|1/4θ¯mnF¯mn∂¯a∂¯aθ¯pqF¯pq∫
d4y e−σ θma∂m∂nθ
nbgab = −
∫
d4x |g¯ab|1/4
(1
2
∂¯a∂¯aθ¯
pqF¯pq
+
1
4
θ¯mnF¯mn∂¯
a∂¯aθ¯
pqF¯pq
)
∫
d4y e−σGpq (∂pθ
mn)
(
∂qθ
−1
mn
)
= −1
2
∫
d4x |g¯ab|1/4θ¯mnF¯mn∂¯a∂¯aθ¯pqF¯pq∫
d4y e−σ θmnGpq∂p∂qθ
−1
mn =
∫
d4x |g¯ab|1/4
(
− ∂¯a∂¯aθ¯pqF¯pq
+
1
2
θ¯mnF¯mn∂¯
a∂¯aθ¯
pqF¯pq
)
∫
d4y e−σGklGmn
(
∂kθ
−1
ma
) (
∂lθ
−1
nb
)
gab =
∫
d4x |g¯ab|1/4
(
− 1
4
θ¯mnF¯mn∂¯
a∂¯aθ¯
pqF¯pq
−1
2
g¯acg¯bdF¯ab∂¯
2F¯cd
)
∫
d4y e−σ Gmk
(
∂kθ
−1
na
)
Gnl
(
∂lθ
−1
mb
)
gab = −1
4
∫
d4x |g¯ab|1/4θ¯mnF¯mn∂¯a∂¯aθ¯pqF¯pq (118)
where we used [4]∫
d4x F¯mnθ¯
mn∂¯a∂¯aF¯pqθ¯
pq = 4
∫
d4x gfhF¯fa∂¯
a∂¯sF¯hs,∫
d4x gabF¯am∂¯
m∂¯sF¯bs =
∫
d4x
1
2
g¯ahg¯mrF¯hm∂¯
2F¯ra − gsig¯ahF¯hs∂¯l∂¯lF¯ia. (119)
9 Appendix C: ak and the spin connection.
We observe that using the Jacobi equation, the linear term ak appearing in 6D2 (23) can
be written in the form
ak = Gkl∂lσ +
1
4
[γa, γb] θ
lk
(
∂lθ
ab
)− Γk
=
1
4
[γa, γb] θ
lk
(
∂lθ
ab
)
+ θkaGmn
(
∂nθ
−1
ma
)
eom
=
1
4
[γa, γb] θ
lk
(
∂lθ
ab
)
, (120)
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where the last line holds only for on-shell geometries, using the equations of motion. In
the standard form of the Dirac operator, this linear term would have the form
akcomm =
1
4
[γa, γb]ω
a b
l G
lk − Γk
=
1
4
[γa, γb]
(
θkdgdm
(
∂cθ
mb
)
gca +
1
2
θlk
(
∂lθ
ab
))−Gkl∂lσ, (121)
where
ωa bk = −θ−1lc gca∇kθlb
= −θ−1lc gca∂kθlb − θ−1lc gcaΓlkmθmb
=
1
2
(
θlb
(
∂kθ
−1
lc
)
gca − θna (∂kθ−1nc ) gcb
−θmb (∂mθ−1kc ) gca + θma (∂mθ−1kc ) gcb
−θmb (∂mθna)Gnk + θma
(
∂mθ
nb
)
Gnk
)
= −ωb ak (122)
is the spin connection, using the explicit form of the frame (16). Note that the effect of
the spin connection is different in our case. Nevertheless, it turns out that tr E can be
rewritten as Ricci scalar R[G˜] plus a term dependent on σ, as shown in Section 4.2.
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